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Mathematical foundation Quantum foundation
@ Probability and measurement @ Classical bit vs qubit
@ Complex numbers and amplitudes @ Superposition and interference
@ Vectors, matrices and transformations @ Entanglement and correlations

@ Bra-ket notation for quantum states Multi-qubit state spaces and circuits

Guiding idea
Quantum computing becomes easier when every mathematical object is connected to a physical meaning and a
practical operation.
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Why Mathematics Matters in Quantum Computing

Math tool Quantum role Probability

Probability Predicts measurement outcomes ) , \
Complex numbers ~ Store probability amplitudes and phase ‘ Complex numbers};Quantum state |
Vectors Represent quantum states ~ /
Matrices Represent gates and transformations /

Tensor products Build multi-qubit states Matrices

Think of the mathematics as the language used to describe, transform and finally measure a quantum system.
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Probability Theory: From Chance to Quantum Measurement

- — Probability
Classical probability ~
For mutually exclusive outcomes 0 and 1,
0.5 0.5
P(0) 4+ P(1) =1.
Example: a fair coin gives P(H) = P(T) = 0.5.
Quantum interpretation
A qubit can produce either 0 or 1 when measured, but before 0 Outl:omé
measurement its state may contain amplitudes for both
outcomes.

P(O0) = laf’,  P(1) =15

Real-world link: quantum sensors and communication protocols rely on predicting measurement statistics, not a single deterministic
readout.

Dr. Syed Muzamil Basha, Professor, School of Computer Science and Engineering, REVA University 4/19



Complex Numbers: The Hidden Language of Phase

A complex number is written as

z=a+ib, iP=-1.

@ ais the real part.

@ b is the imaginary part.
@ Magnitude: |z| = v/a% + b2.

@ Phase controls how amplitudes combine.

Quantum connection

Quantum amplitudes are generally complex. Measurement
probabilities use the squared magnitude |c|?, while the relative
phase influences interference.

Real-world link: phase-sensitive measurements appear in quantum communication, sensing and interferometry.
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Vectors and Matrices: States and Quantum Gates

State = vector Gate = matrix transformation
The computational basis is A quantum gate is a unitary matrix U:
_ ! _ 1|0 [0y = Ul9).
o=l mw=0

For example, the Pauli-X gate is
A general qubit state is

o1
W) =alo)+B1), |af?+ |62 =1. X—L o}

and swaps |0) <> |1).

Key intuition

Vectors describe where the quantum state is; matrices describe how we move it.
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Classical System vs Quantum System

Classical Quantum
Information unit Bit: O or 1 Qubit: «|0) + G11)
State description Usually one definite value Probability amplitudes + phase
Operations Boolean/logical operations Unitary quantum gates
Observation Reads stored state Measurement produces classical out-
come
Correlation Classical correlation Can include entanglement

lassical stat

Quantum computing does not replace classical computing everywhere; it changes the computational model for selected problems.
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Qubits: The Basic Quantum Information Unit

Definition

A qubit is a two-level quantum system with state
i) = a[0) + B[1).

The normalization condition is

laf* + A" = L.

@ |0) and |1) are basis states.
@ «, 3 are probability amplitudes.

@ Measurement returns a classical result.
The Bloch sphere is a visualization for a single qubit; it turns an abstract two-dimensional complex state into a geometric picture.
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Superposition: More Than a Classical 0-or-1 Choice

Start with |0) and apply the Hadamard gate: ’ o) > 4 > ’ 0411 ‘
1 1 1 not a classical mixture
H=— 1 of hidden values
N
Then Real-world link
o)+ 1) . .
H|0) = —/——. Superposition enables quantum algorithms to
V2 manipulate amplitudes before measurement. It is
Therefore, 1 the starting point for interference-based
P(0)=P(1) = 5 speedups.
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Interference: Why Amplitudes, Not Just Probabilities, Matter

C+A ) > 24
Core idea
Quantum amplitudes can be positive, negative or complex. \f
When computational paths meet, amplitudes add before (C+a > 2A

probabilities are calculated.
P(x) = |Ad*.

Constructive interference increases |Ay|; destructive
interference reduces it.

Simple intuition

+A+ A=2A constructive
+A—A=0 destructive

Quantum algorithms are designed so desirable outcomes interfere constructively and undesirable outcomes interfere destructively.
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Bra-Ket Notation: A Compact Language for Quantum States

Ket: state vector

|)

reads as “the state ¢". For a qubit,

) = a]0) + 81

Bra: dual vector

(¥l

is the conjugate transpose of [¢)).

Inner product

(¥]¢)
measures overlap between states.
Outer product

[¥) (¢l

produces an operator (matrix).

Why use it?

Bra-ket notation keeps equations short while
preserving the physical meaning of states, overlaps
and operators.
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Quantum Gates: Controlled State Transformations

Gate Interpretation qo E
X Bit flip: |0) <> [1) CNOT
Zz Phase flip: |1) — —|1) a1
H Creates/removes equal superposi-
tion
CNOT  Conditional flip; essential for entan-
glement

Unitary principle

Quantum gates preserve total probability. Mathematically,
utu =1.
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nt: Correlation B

qo
Bell state example
A common two-qubit entangled state is o
oty = 1001+ 111)
V2

The two qubits cannot be described independently by
assigning each one a complete pure state.

@ Measuring in the computational basis gives 00 or 11.
@ Each individual qubit is locally random.

@ The joint outcomes are strongly correlated.

H + CNOT
generates entanglement

Real-world quantum applications

Entanglement is central to quantum communication, distributed quantum protocols, teleportation and many quantum algorithms.
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Multi-Qubit Systems: The State Space Grows Exponentially

For n qubits, the computational basis contains
2’1

basis states.
Qubits  Basis states

1 2
2 4
3 8
4 16
10 1024

20 1,048,576

Tensor product

Two single-qubit states combine as

[91) ® [12) -

For example,

|0) ® |1) = |01).

Why it matters

The exponential state-space size is one reason
quantum systems are difficult to simulate
classically and potentially useful for certain
computational tasks.
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Measurement: Turning Quantum Information into Classical Information

: : |)
Single qubit quantum state

For

[¥) = a|0) 4+ B|1), measure

measurement in the computational basis returns

0 with probability |a|?, 1 with probability |3]°. (0)

Important distinction

The quantum state contains amplitudes; measurement
produces a classical sample. Repeating the experiment lets
us estimate probabilities.
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From Theory to Practice: A Minimal Quantum rkflow

[1. Prepare]—»[z Apply gates]—»[& Measure]—>£4- Analysej

Prepare Transform Measure and analyse
Initialize qubits in |0), |1) or a Use unitary gates such as X, H, Z  Convert quantum information to
and controlled gates. samples, counts, probabilities or

designed state.
application-specific results.

This workflow underlies practical quantum programs in SDKs such as Qiskit and other quantum software stacks.
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al-World Quantum Applications

Near-term / hybrid applications Longer-term directions
@ Quantum machine learning experiments @ Cryptography and secure communication
@ Variational optimization @ Large-scale simulation of quantum systems
@ Quantum chemistry and materials simulation @ Fault-tolerant quantum algorithms
@ Quantum-enhanced sensing and metrology @ Selected combinatorial and algebraic problems

Use the right question

The key question is not “Is quantum computing faster for everything?” but “Which problem structure can
benefit from quantum state preparation, interference, entanglement or a quantum subroutine?”
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Foundation Check: Can You Connect the Pieces?

Quick questions Explain in your own words

©@ Why must probabilities add to 17 © Superposition
@ Why do quantum amplitudes use complex @ Interference
numbers?

© Entanglement

What does = «|0) + 5 |1) mean?
° ) 1)+ 811 @ Multi-qubit state space

© What does a unitary matrix do?

If you can explain these four ideas without equations, the equations become
much easier to learn.
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Summary: The Quantum Computing Foundation

Mathematical toolkit Quantum concepts
@ Probability — measurement statistics @ Qubit instead of classical bit
@ Complex numbers — amplitudes and phase @ Superposition before measurement
@ Vectors — quantum states @ Interference of probability amplitudes

@ Matrices — quantum operations

Entanglement between quantum systems

@ Tensor products — multi-qubit systems @ Measurement produces classical information

Foundation: Mathematics — Quantu_m states — Gates —
Measurement — Applications
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